Pentagonal subdivision gives three families of tilings of sphere by congruent pentagons. Each family form a two dimensional moduli. We describe the moduli in detail, including special reductions and size.
Edge-to-edge tilings of sphere by congruent pentagons have five possible edge length combinations [5, Lemma 9]: a 2 b 2 c, a 3 bc, a 3 b 2 , a 4 b, a 5 . In [5] , we proved that tilings with edge length combination a 2 b 2 c are given by pentagonal subdivision. In [1, 3] , we proved that tilings with minimal number of 12 pentagons are given by pentagonal subdivision. Moreover, as reductions of edge length combination a 2 b 2 c, pentagonal subdivision also appear in tilings with other edge combinations [2, 6] .
Pentagonal subdivision is applied to platonic solids. The operation is similar to the F -family tilings in Ueno and Agaoka's classification of edgeto-edge of tilings of sphere by congruent triangles [4] . Since dual platonic solids give the same pentagonal subdivision tiling, there are three families of such tilings, corresponding to dual pairs of tetrahedron (self-dual), cube/octahedron, and dodecahedron/icosahedron. Each family allows two free parameters and therefore form a two dimensional moduli.
Specifically, pentagonal subdivision divides (or rather replaces) each triangular face F of regular tetrahedron, octahedron or icosahedron into three congruent pentagons with edge lengths a, a, b, b, c. See the subdivision scheme in the first of Figure 1 . Actually we do not keep the edges of F straight. The second of Figure 1 is the authentic picture of stereographic projection of pentagonal subdivision of a face F of tetrahedron. Here A, B, C are the center of F , a vertex of F , and the middle point of an edge of F . Moreover, Let B ′ and M be rotations of B and C around the center A of F by 2 3 π. Then M is the middle point of BB ′ . The angles of regular tetrahedron F are 2 n π, where n = 3, 4, 5 respectively for tetrahedron, octahedron, icosahedron. We denote the edges by a 1 , a 2 , b 1 , b 2 and break c into c 1 , c 2 of equal length. The angle between two a-edges is 2 3 π, and the angle between two b-edges is Throughout this paper, n = 3, 4, 5 is reserved for tetrahedron, octahedron, icosahedron. Moreover, • is reserved for A and • is reserved for B.
A tiling of sphere by congruent polygons require all the tiles to be simple, in the sense that the boundary of each tile is a simple closed curve [3, Lemma 1] . The moduli of pentagonal subdivisions is all subdivision constructions in which the pentagon is simple. Since any two great arcs of lengths ≥ π that meet at one point must also meet at the antipodal point, the simple pentagon condition implies a, b, anchor point in an open region of the sphere bounded by two arcs and three quadratic curves.
The curves are simple transformations of the general form given by (2.1) through (2.5). The curve is quadratic in homogeneous spherical form (2.2), cubic in suitable stereographic projection (2.1) and (2.3), and may be quartic in other stereographic projection. Figure 16 is the authentic picture of moduli, in suitable stereographic projection.
In Section 1, we divide the sphere into a number of regions, and discuss which regions are completely inside or outside the moduli. The remaining regions only have parts contained in the moduli. In Section 2, we derive formulae of the boundary of moduli parts in these remaining regions, in preferred stereographic projections (called A-and B-projections). In Section 3, we draw authentic picture of moduli in the preferred stereographic Mprojection, by using Möbius transforms to translate data in Section 2. In the final Section 4, we discuss reductions of edge length combination a 2 b 2 c, which are indicated by three curves in each moduli. Moreover, we calculate the area of three moduli, which are roughly 21.5%, 11.5%, 4.9% of the total area of sphere.
All calculation are done by symbolic calculation software. All pictures are authentic (except the first of Figure 1 , and Figure 14) , with curves drawn in parameterized form.
Moduli Region
We first determine rough location of the anchor point V . The triangle △ABC is one sixth of one regular triangular face. The angles at A, B, C are respectively 1 3 π, 1 n π, 1 2 π. We rotate the great circle AB around A by multiples of 1 3 π to divide the sphere into six regions. We also rotate the great circle AB around B by multiples of 1 n π to divide the sphere into 2n regions. The intersection of the two divisions divides the sphere into 6n regions.
We use stereographic projection to describe what happens on sphere. A stereographic projection is determined by its origin X and the direction of real axis, which we call X-projection. We denote the antipode of D by D * . In our pictures, all circles (and straight lines) are arcs, which are parts of great circles on the sphere. In a stereographic projection, we may visually determine arcs by the fact that arcs passing D are exactly circles passing both D and D * .
For the division of sphere, we draw both A-projection and B-projection. The former is convenient for visualising rotation from a 1 to a 2 , and the later is convenient for visualising rotation from b 1 to b 2 . Figure 2 is authentic pictures of stereographic projections for regular tetrahedron. We label the regions by Ω 1 , Ω 2 , . . . , Ω 18 . We also indicate A, B, C, M and their antipodes.
Figure 2: A-and B-projections for pentagonal subdivision of tetrahedron. Figure 3 shows the pentagon when V lies in Ω 1 , Ω 2 , Ω 3 , Ω 7 , in A-projection. The first is the case V ∈ Ω 1 . We have a 1 , b 1 ∈ Ω 1 . This implies a 2 , c 1 ∈ Ω 4 and b 2 , c 2 ∈ Ω 8 . The locations of arcs imply that the pentagon is simple. Similarly, for V ∈ Ω 2 , we have
All imply that the pentagon is simple.
We also consider the extreme case that V lies on the boundaries of these regions. We find the pentagon is not simple exactly at all the vertices of Ω 1 , Ω 2 , Ω 3 , Ω 7 , and along the edges Ω 3 ∩ Ω 9 (b 2 , c 2 overlap), Ω 7 ∩ Ω 9 (a 2 , c 1 overlap).
Next we show that the pentagon is not simple when V is in some other regions. If V ∈ V 9 , then a 1 ∈ A − 3 − 9, which means that a 1 starts from A and then successively passes through Ω 3 , Ω 9 . Using A-projection in Figure  2 , we may deduce a 2 ∈ A − 2 − 8 or a 2 ∈ A − 2 − 8 − 14. We abbreviate this 
by writing a 2 ∈ A − 2 − 8 − · · · . Similarly, we have b 1 ∈ B − 7 − 9. Using B-projection, we get b 2 ∈ B − 2 − 4 − · · · . Since a curve in direction A − 2 − 8 and a curve in direction B − 2 − 4 must intersect (the intersecting point is in Ω 2 ), we conclude that a 2 , b 2 intersect, and the pentagon is not simple.
Similar argument shows the pentagon is not simple in the following cases, with the indicated edges intersecting.
•
• V ∈ Ω 10 : a 1 ∈ A − 4 − 10, c 1 ∈ C − 4 − 6 − 5 − 11.
• V ∈ Ω 12 : b 1 ∈ B − 8 − 10 − 12, c 2 ∈ C − 10 − 16 − 17.
• V ∈ Ω 14 : a 1 ∈ A − 2 − 8 − 14, c 2 ∈ C − 2 − 1 − (3/7) − 9. Here (3/7) means the arc passes Ω 3 or Ω 7 .
• V ∈ Ω 16 : a 1 ∈ A − 4 − 10 − 16, c 1 ∈ C − 10 − 12 − 18 − 17.
• V ∈ Ω 18 : a 2 ∈ A − 3 − 9 − 15, b 2 ∈ B − 7 − 9 − 11.
For the pentagonal subdivision of tetrahedron, it remains to study the regions Ω 4 , Ω 5 , Ω 8 , Ω 13 . Figure 4 shows that it is possible for the pentagon to be simple if V is in certain parts of these regions. The details will be calculated later. We may carry out similar region by region argument for pentagonal subdivision of octahedron. Figure 5 is stereographic projections for regular octahedron. We simplify the presentation by labelling the regions by i instead of Ω i . If V is in Ω 1 , Ω 2 , Ω 3 , Ω 7 , then the same argument shows that the pentagon is simple. Moreover, the pentagon is not simple if V is a vertex of these regions, or is in Ω 3 ∩ Ω 9 or Ω 7 ∩ Ω 9 . If V is in the following regions, then the pentagon is not simple, due to the indicated intersecting edges.
• V ∈ Ω 22 : a 1 ∈ A − 4 − 10 − 16 − 22, b 2 ∈ B − 8 − 10 − 12.
• V ∈ Ω 24 : a 2 ∈ A − 3 − 9 − 15 − 21, b 2 ∈ B − 13 − 15 − 17.
For some other regions, we need to use the following simple geometric lemma to show that the pentagon is not simple. π and θ * ≤ θ, then W X and DV intersect.
π and θ * ≥ θ, then W X and DV intersect. It is easy to see the validity of lemma in Euclidean metric of R 2 (DXD * , V X, W X are literally straight lines). We note that, in the X-projection, D * X > DX and V X = W X in Euclidean metric is equivalent to the same (in)equality in spherical metric. Since stereographic projection also preserves angles, the lemma is actually valid on the sphere, and therefore also valid in any stereographic projection as long as the lengths are understood to be spherical.
Applying Lemma 1, the pentagon is not simple in the following cases.
Again it remains to study the regions Ω 4 , Ω 5 , Ω 8 , Ω 13 for pentagonal subdivision of octahedron. Figure 7 is the A-projection for icosahedron, and Figure 8 is the B-
, then the same argument shows that the pentagon is simple. Moreover, the pentagon is not simple if V is a vertex of these regions, or is in Ω 3 ∩ Ω 9 or Ω 7 ∩ Ω 9 .
If V is in the following regions, then the pentagon is not simple, due to the indicated intersecting edges.
• V ∈ Ω 23 : a 2 ∈ A − 1 − 7 − 13 − 19 − 25, b 2 ∈ B − 7 − 9 − 11.
• V ∈ Ω 27 : a 1 ∈ A − 3 − 9 − 15 − 21 − 27, b 2 ∈ B − 13 − 15 − 17.
• V ∈ Ω 29 : a 2 ∈ A − 1 − 7 − 13 − 19 − 25, b 2 ∈ B − 13 − 15 − 17.
• •
For V ∈ Ω 18 , we know a 1 ∈ A − 6 − 2 − 18 and b 1 ∈ B − 14 − 16 − 18. This implies that C lies inside the triangle △ C bounded by a 1 , b 1 and arc AB. Moreover, b 2 has two ends B and E, and E ∈ Ω 26 ∪ Ω 28 ∪ Ω 30 . In particular, E is outside △ C . Therefore the arc c 2 connecting C and E must intersect the boundary of △ C . Since E and AB are on different sides of the great circle passing B and C, we conclude that CE and AB do not intersect. Therefore c 2 intersects the boundary of △ C along either a 1 or b 1 . Then the pentagon is not simple. The same argument applies to V ∈ Ω 24 , with
For V ∈ Ω 28 , we know a 1 ∈ A − 10 − 16 − 22 − 28 and b 1 ∈ B − 26 − 28, so that C lies in △ C . Moreover, a 2 has two ends A and E ∈ Ω 29 . In particular, E is outside △ C , and E, AB are on different sides of the great circle passing A and C. This implies that c 1 intersects a 1 or b 1 .
Again it remains to study the regions Ω 4 , Ω 5 , Ω 8 , Ω 13 , Ω 14 , Ω 19 for pentagonal subdivision of icosahedron.
Boundary of Moduli
For tetrahedron and octahedron, it remains to consider V in Ω 4 , Ω 5 , Ω 8 , Ω 13 . For icosahedron, it remains to consider Ω 4 , Ω 5 , Ω 8 , Ω 13 , Ω 14 , Ω 19 . The vertex V must be in certain parts of these regions for the pentagon to be simple. The parts are calculated in stereographic projections.
We always parameterise stereographic projection by complex numbers, such that the equator is the circle zz = 1 of radius 1 centered around 0. See Figure 9 . Under the projection, a point ξ = (ξ 12 , ξ 3 ) = (ξ 1 , ξ 2 , ξ 3 ) on the sphere and the paramater z = re iθ in C are related by
Moreover, the antipode z * of z is given by z * z = −1. The spherical distance δ between X and ξ satisfies tan If we want to specify the projection with respect to a particular Xprojection, then we may denote the parameterisation by z X . For example, we write a Möbius transform from X-projection to Y -projection as
Moreover, we denote the X-projection of Y ∈ S 2 by Y X ∈ C. Then we always have X X = 0 and X * X = ∞. The geometry shows the Euclidean distance |Y X | (norm of complex number) of X and Y in the X-projection is equal to the Euclidean distance |X Y | of X and Y in the Y -projection. We denote
Our description of moduli is based on the triangle △ABM, which is the region Ω 1 in Section 1. The triangle has angles • B-projection: A is in the negative real direction.
• M-projection: A is in the negative real direction.
Moreover, the direction A → B → M is always counterclockwise in all projections. In particular, this means that M is in the upper half of A-and B-projections, and B is in the lower half (in fact the negative imaginary direction) of M-projection. Figure 10 describes the triangle △ABM in A-and B-projections. We have
The first of Figure 10 )π, we may calculate the length |OD| in two ways and get an equation
We solve the equation and get positive solution
The explicit values for n = 3, 4, 5 are give by Table 1 . We may further calculate
The second of Figure 10 is B-projection, which is the horizontal flipping of the first, together with the exchange of )π − |AD| sec
Again the explicit values of two distances are given by Table 1 . Now we calculate the moduli parts. For v ∈ Ω 5 , we rotate v by − π around O to get w, and require v, w, A, A * to be on the same arc. This is described by Figure 11 . The picture is authentic for tetrahedron, and is schematically correct for octahedron and icosahedron. If V = v, then Av = a 1 , Aw = a 2 , Bv = b 1 , and the picture describes the extreme case that the end w of a 2 touches b 1 . Suppose V ∈ Ω 5 is "closer" to A than v, which means V lies in the interior of Av. The situation is indicated by small • in Figure 11 . Then the − 2 3 π rotation W of V around A lies in the interior of Aw. Since B is closer to A than B * , the geometric position shows that AW does not intersect the arc BV . We have AV = a 1 , AW = a 2 , BV = b 1 , b 2 ∈ B − 8 − 10, c 1 ∈ C − 2 − 1, c 2 ∈ C − 10, and this shows that the pentagon is simple.
Suppose V ∈ Ω 5 is "further" from A than v, which means V lies on the circle connecting A, v but is outside Av. Then the similar geometric position argument shows that a 2 and b 1 intersect, so that the pentagon is not simple.
Let γ A be the track of v. The discussion shows that a 2 , b 1 do not touch, so that the pentagon is simple, if and only if V lies between γ A (not including the curve) and the arc Ω 3 ∩ Ω 5 (including the interior of arc).
In general, the calculation of γ A is described by Figure 12 . In X-projection, let D be the point at d satisfying 0 < d < 1. Then the antipode D * = −d −1 . We also fix a rotation angle 2α, with α ∈ (0, 1 2 π). Then we look for v = re iφ , w = ve −i2α = re i(φ−2α) , r > 0, such that D, w, v, D * are on the same circle. We assume that both v and w are in the upper half, which means φ ∈ [2α, π]. We also assume that the arc DwvD * is the "smaller" (actually same size on the sphere) of two arcs connecting D and D * . This corresponds to ρ < The four points are on the same circle if and only if the following is a real number (= R means equality up to multiplying and adding real numbers)
The condition for the number to be real is a cubic equation
In terms of ξ = (ξ 1 , ξ 2 , ξ 3 ) on sphere, the equation (2.1) for the track γ of v becomes quadratic
For v = x + iy, we get the cartesian form of γ
For v = re iφ , γ is a curve connecting de i2α to 0, given by
We take the non-negative solution to get explicit formula
We apply the calculation to γ A . This means
Substituting the data into (2.1) through (2.5), we get λ A in Table 2 and the spherical equation for the
The complex equation is
The cartesian equation for z = x + iy is
The polar equation for z = re iθ is
π, 5 6 π]. n = 3 n = 4 n = 5 Next we apply the calculation to Ω 13 (for n = 3, 4) or Ω 13 ∪ Ω 19 (for n = 5). The situation is similar to Ω 5 , with a and b exchanged. This means A and B are exchanged, and the calculation can be done in B-projection. We denote the track by γ B , and V ∈ Ω 13 gives simple pentagon if and only if V lies between γ B (not including the curve) and the arc Ω 7 ∩ Ω 13 .
By comparing the B-projection with A-projection, we may calculate γ B by horizontally flipping the standard picture in Figure 12 . This means taking
Substituting the data into (2.1) through (2.5), we get λ B in Table 2 
The cartesian equation is
The polar equation is
Next we apply the calculation to Ω 4 . This is described by Figure 13 , which is rotation of first of 
π (note that v and w are exchanged in the matching of two pictures). Substituting the data into (2.1) through (2.5), we get λ C in Table 2 The cartesian equation is
We may further calculate the boundary of moduli part in Ω 8 (n = 3, 4) or Ω 8 ∪ Ω 14 (n = 5), in B-projection. The coefficient
We note that the A-projection and B-projection for γ C are related by the transform (x, y) → (−x, y). Geometrically, this means that γ C is symmetric with respect to the great arc of equal distance from A and B.
We use the same notation γ C for the boundary curve in Ω 4 and in Ω 8 or Ω 8 ∪ Ω 14 , because the two curves arc actually the same one. Figure 14 gives the schematic reason for this claim. The curves in the two regions describe the extreme case that v lies on c (c 1 for Ω 4 and c 2 for Ω 8 or Ω 8 ∪Ω 14 ). Although w is end of a 2 for the first region and end of b 2 for the second region, the two versions of w and C, C * are on the same great circle. Therefore the formulae for the curves are obtained by the same requirement that w, v, C, C * are on the same arc, irrespective to which w we choose.
In the polar equation for A-projection of γ C , the curve is in Ω 4 for θ ∈ [− 
Picture of Moduli
By the discussion in Sections 1 and 2, the moduli is the open subset of sphere bounded by
• arcs Ω 3 ∩ Ω 9 and Ω 7 ∩ Ω 9 ;
• curve γ A connecting two ends of Ω 3 ∩ Ω 5 , and inside Ω 5 ;
• curve γ B connecting two ends of Ω 7 ∩ Ω 13 , and inside Ω 13 or Ω 13 ∪ Ω 19 ;
• curve γ C connecting A to C to B, and inside Ω 4 and Ω 8 or Ω 8 ∪ Ω 14 .
Figure 15 is authentic pictures of three curves in the most convenient projections. Recall that the numbers 3, 4, 5 mean tetrahedron, octahedron, icosahedron. Moreover, the point B ′ is obtained by rotating B around A by 2 3 π, and A ′ is obtained by rotating A around B by − 2 n π. Figure 16 is the authentic picture of moduli in M-projection, which is most visually pleasing. We also indicate the four congruent triangular regions Ω 1 , Ω 2 , Ω 3 , Ω 7 contained in the moduli. In the M-projection, Ω 1 , Ω 3 , Ω 7 are visually identical, and Ω 2 is the triangle outside Ω 1 . The following are some key points in M-projection
To get M-projection formulae for three curves, we use Möbius transform. The Möbius transform from M-projection to A-projection is easily determined by the transform of A, A
We get
Substituting into A-projection formulae of γ A and γ C , we get M-projection formulae of γ A and γ C . Similarly, we get M-projection formula of γ B by substituting
The M-projection cartesian form of three curves are the following. For tetrahedron For octahedron
For dodecahedron
The M-projection polar form is given by
where R > 0 and 1 > r > 0. For γ A and γ B , R > 0 is given by another quadratic equation
where K and L are given by Table 3 . The following is explicit formula for R
Finally, the range for the angle θ is [
π, 2π] for γ B , and [π, 3 2 π] for γ C . We draw Figure 16 by using the polar presentation.
Features of Moduli
The pentagon obtained from pentagonal subdivision of platonic solid has three edge lengths a, b, c. The edge lengths are generally not equal, and we get tiling of sphere by congruent pentagons with edge length combination a 2 b 2 c. When some edge lengths become equal, then the tiling belongs to different edge combination.
For example, if a = b, then the edge length combination is reduced to a 4 b (with a = b labeled as new a, and c labeled as new b) , and we get a tiling of sphere by congruent almost equilateral pentagons. The reduction means AV = BV . All the points of equal distance from A and B form a great circle. To get the equation of this circle, let z = z M be the complex coordinate of V in M-projection. Then AV = BV means |z A | = |z B |. Substituting (3.1) and (3.2), we get the equation of circle n = 3 : x − y = 0, n = 4 :
For n = 3, the circle is actually the diagonal line. For n = 4, the circle has center (2 + √ 3)(− √ 2, √ 3) and radius 2 9 + 5 √ 3. For n = 5, the center is
, and the radius is 4(13 √ 5 + 2)µ + 30. The circle is also the intersection of sphere with a plane. The following is the equation of this plane 
It is very easy to convert cartesian equation to polar form
The curve is also the intersection of sphere with parabolic cylinder n = 3 : 2 √ 3ξ It is also easy to get the polar form, or view the curve as the intersection of sphere with parabolic cylinder n = 3 : 2 √ 3ξ From the picture, we notice that the curve b = c is tangential to and is also below the boundary γ A of the moduli. We confirmed this through Taylor expansion.
Finally, we calculate the size of moduli. In a stereographic projection, we consider the fan region between the origin and a curve r = r(θ), θ ∈ [α, β]. The corresponding region on the sphere has area β α 2r 2 dθ 1 + r 2 .
The area of the region given by (2.4) and (2.5) is then (θ = φ − α) is elliptic integral of the first kind. We may apply the formula to γ A in A-projection to get the area of moduli part in Ω 5 A 5 = A i). We may also apply the formula to γ B in B-projection to get the area of moduli part in Ω 13 (for n = 5, the notation A 13 also includes moduli part in Ω 19 )
A 13 = 
